The issue of whether an analytic function has wandering domains has long been of interest in complex dynamics. Sullivan proved in 1985 that rational maps do not have wandering domains. On the other hand, several transcendental entire functions have wandering domains. Using recent results on the relationship between Fatou components and the postsingular set, we find a new family of transcendental entire functions that does not have wandering domains. We also prove that the Julia set of a certain subfamily is the whole plane.
Introduction
Let f : C → C be a transcendental entire function. We denote by f n the nth iterate of f , for n = 0, 1, 2 . . .. The Fatou set of f , F (f ), is the set of points z ∈ C such that the sequence {f n } n∈N forms a normal family in some neighborhood of z. The complement of the Fatou set is the Julia set of f , J(f ). Another set of note is the escaping set of f , I(f ), defined as the set of points that tend to infinity under iteration.
Let U be a component of the Fatou set of f such that, for any n, m ∈ N with n = m, f n (U ) ∩ f m (U ) = ∅. Then U is called a wandering domain of f .
One of the most celebrated results in complex dynamics is that rational functions do not have wandering domains. Sullivan proved this result in 1985, using tools such as quasiconformal homeomorphisms [17] .
Wandering domains do exist for transcendental entire functions. It is known that, if U is a wandering domain of a transcendental entire function f , all limit functions of {f n | U } are constant [9, Section 28] . Wandering domains for transcendental entire functions can thus be completely categorised into three groups:
• if the only limit function is ∞, U is called escaping;
• if the limit functions all lie in a bounded set, U is called of bounded orbit; and
• if the limit functions include both finite values and ∞, U is called oscillating.
Most known examples of wandering domains are escaping, and the first such example was constructed by Baker in 1976 [1] . Another example was given by Herman [10] . The first example of an oscillating wandering domain was given by Eremenko and Lyubich in 1987 [7] , with more recent examples being given by Bishop in 2015 [5] , and by Martí-Pete and Shishikura in 2018 [11] . Note that the existence of wandering domains where all limit functions of {f n | U } lie in a bounded set is an open question.
There are, on the other hand, several families of transcendental entire functions which have been shown not to have wandering domains, as described in [3, Section 4.6] . The methods used to prove these results usually emanate from Sullivan's techniques. Alternative techniques have been used, for example by Bergweiler in 1993 [4] and Mihaljević-Brandt and Rempe-Gillen in 2013 [12] .
In this paper we use a new technique based on results on the relationship between wandering domains and points in the postsingular set, proved in 2017 by Barański, Fagella, Jarque and Karpińska [2, Theorem B] . We consider the family of functions F p , for p ≥ 3, defined as
where ω p = exp(2πi/p) is a pth root of unity. We use several properties of these functions from [16] and [6] ; most importantly, that if f ∈ F p , for some p ≥ 3, then J(f ) has a structure known as a spider's web, which is a connected set containing a sequence of loops, while also containing a Cantor bouquet (a collection of pairwise disjoint curves to infinity that is ambiently homeomorphic to a straight brush). Our main result is the following.
with p even and λ ∈ R * . Then f has no wandering domains.
Using Theorem 1.1, we can also prove the following.
with p even and |λ| ≥ 1. Then J(f ) = C.
We note that the methods discussed here cannot be applied in the case where p is odd, as the situation is more delicate in that case, with the postsingular set lying in a part of the plane where we do not have good control of the dynamics.
The structure of this paper is as follows:
• In Section 2, we fix some notation and state relevant definitions and results from transcendental dynamics. These include the definition of a spider's web (by Rippon and Stallard; see [15] ), along with the main theorem we use to get our results, by Barański, Fagella, Jarque and Karpińska ([2, Theorem B]).
• In Section 3, we discuss properties of the functions in F p . Many of these properties were proved by Sixsmith [16] , while others follow from results we proved in [6] .
• Section 4 contains the proofs of Theorems 1.1 and 1.2, along with an example that demonstrates that there exist small values of λ for which the result of Theorem 1.2 does not hold.
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Preliminaries
In this section we give some notation and results from transcendental dynamics that we will use in the proofs of Theorems 1.1 and 1.2.
The point z is a critical point of f if f (z) = 0. If z is a critical point, then f (z) is called a critical value of f . A (finite) asymptotic value of f is a value w ∈ C for which there exists a curve γ : (0, ∞) → C with γ(t) → ∞ as t → ∞, such that f (γ(t)) → w as t → ∞. We denote the set of critical points, the set of critical values, and the set of finite asymptotic values of f by CP (f ), CV (f ) and AV (f ) respectively. We define the set of singular values of f as
We further define the postsingular set as
The fast escaping set of f , A(f ), is roughly defined as the set of points that tend to infinity under iteration "as fast as possible". The formal definition of the fast escaping set, which can be found in [15] , along with an extensive study of many of its properties, is
In the same paper [15] , the notion of a spider's web is introduced. This is a connected structure containing a sequence of loops. The formal definition is as follows:
It is known that the escaping, fast escaping, and Julia sets of many transcendental entire functions are spiders' webs [15] . We note that the spiders' webs that arise in complex dynamics are extremely elaborate; see [14] and [15] .
We turn our attention to wandering domains. We start by quoting [13, Theorem 1.5 (a)(ii)]: Theorem 2.2. Let f be a transcendental entire function, let R > 0 be such that M (r, f ) > r for r ≥ R, and let A R (f ) be a spider's web. Suppose that K is a component of A(f ) c with bounded orbit. Then, if the interior of K is non-empty, this interior consists of non-wandering Fatou components.
An immediate corollary of this theorem, and one that we will use to prove our results, is the following: 
In particular, if for some d > 0 we have dist(f n (z), ∂U n ) < d for all n, then dist(p n , U n ) → 0 as n tends to ∞.
Properties of functions in F p
Sixsmith studied in [16] the class E p of transcendental entire functions defined for p ≥ 3 as
where ω p = exp(2π/p) is an nth root of unity. We will restrict our studies to the family E p , p ≥ 3, where a i ∈ R and a i = a j for all i, j ∈ {0, 1, . . . p − 1}; that is, the family F p as defined in Section 1. The reason for the restriction is that we have strong control over points in P (f ) for F p (as will be seen in results quoted in this section from [6] ), which we lack for the larger class E p . This control is essential in order to apply [2, Theorem B]. We will also quote some results from [16] in this section, sometimes modifying them for our purposes. Since F p ⊂ E p , all the results proven for E p will hold for F p as well. The first one of these is ([16, Theorem 1.2]):
We give a partition of the plane induced by each of the functions in E p as in [16] . This partition allows for distinct dynamical properties in the different components. The partition is pictured in Figure 1 .
For ν > 0 we let P (ν) be the interior of the regular p-gon centered at the origin and with vertices at the points ν cos(π/p) exp (2k + 1)iπ p , for k ∈ {0, 1, · · · , p − 1}. For some q ≥ log(32p)/2 sin(π/p), define the domains
Roughly speaking, each Q k can be obtained by rotating a half-infinite horizontal strip of width 2q around the origin until a vertex of P (ν) is positioned centrally in the strip. Set
The set T (ν) consists of p unbounded simply connected components, which are arranged rotationally symmetrically. We label these T j (ν), for j ∈ {0, 1, · · · , p − 1}, where T 0 (ν) has unbounded intersection with the positive real axis, and T j+1 (ν) is obtained by rotating T j (ν) clockwise around the origin by 2π/p radians.
A key lemma [16, Lemma 4.1] concerns the behaviour of f in each of the regions T j (ν), j ∈ {0, 1, · · · , p − 1}. For our purposes, we quote a small part of that lemma:
We proved the following result in [6, Lemma 2.5]. We want to locate the zeros and the critical points of f ∈ F p , p ≥ 3. To that end, we define rays that lie inside the strips Q k . We proved the following for these rays [6, Theorems 3.2 and 3.6].
Lemma 3.5. Let f ∈ F p , p ≥ 3. The following hold.
• All zeros of f lie in ∪ k=0,...,p−1 V k .
• CP (f ) ⊂ ∪ k=0,...,p−1 V k , and critical points are separated in each V k from each other by the zeros of f .
•
The next result on the location of the postsingular set for functions in F p follows easily from the results above. Further, in addition to J(f ) being a spider's web, we proved that it actually contains a Cantor bouquet [6, Theorem 1.2] .
Then J(f ) is a spider's web that contains a Cantor bouquet.
We now prove an elementary result for the functions f ∈ F p , p ≥ 3, for even p, which is a consequence of [16, Lemma 4.1] . Proof. Let z ∈ S r . From [16, Lemma 4.1] , there exists (r) with (r) → 0 as r → ∞, such that f (z) ∈ B(e z , (r)); observe that this implies that |f (z)| > |z| for all z ∈ S r for large enough r.
Recall that T 0 (ν ) is part of the angle {te iφ : t > 0, |φ| ≤ 2π/p}. But, for sufficiently large r, if z ∈ S r , then | arg e z | ≤ π/2p, so we have f (z) ∈ B(e z , (r)) ⊂ T 0 (ν ). Thus f (S r ) ⊂ T 0 (ν ) for all large r.
We define the following strips of width 2π for all k ∈ Z: For all large enough k ∈ N, there exist two simple unbounded curves γ k and γ −k in J(f ), with their endpoints in Q 0 and Q 1 respectively, that lie entirely inside the strips R(k) and R(−k) respectively, and extend to infinity through T 0 (ν).
Finally, we prove a lemma which allows us to use Theorem 2.4 for any function f ∈ F p , p ≥ 3, with ease.
Proof. Fix ν ≥ ν . Due to symmetry, it suffices to prove the result for points in the Fatou set that lie in P (ν) ∪ T 0 (ν) ∪ Q 0 ∪ Q 1 .
Suppose z ∈ P (ν). Since P (ν) is a bounded region around the origin, the result holds as the Julia set is non-empty.
On the other hand, if z ∈ Q 0 ∪ Q 1 ∪ T 0 (ν), then the result follows immediately from Lemma 3.9.
Proofs of Theorem 1.1 and Theorem 1.2
We are now ready to prove our two results.
Proof of Theorem 1.1. Let f ∈ F p for some p ≥ 3 with p even. Fix ν = ν , where ν is as given in Lemma 3.2. Suppose that U is a wandering domain for f , and put U n = f n (U ) for n ≥ 0. Since U is bounded (as J(f ) is a spider's web from Theorem 3.1), it follows that each U n is a Fatou component.
Let z ∈ U . It follows from Lemma 3.10 that there exists c > 0 such that dist(f n (z), ∂U n ) ≤ c for all n ∈ N. It then follows from Theorem 2.4 that there exists a sequence (p n ) in P (f ), such that dist(p n , U n ) → 0 as n → ∞.
From Corollary 3.6, we have P (f ) ⊂ R, so dist(U n , R) → 0 as n → ∞.
(4.1)
We will show that the above properties imply that, for all large enough n ∈ N, U n has to lie in T 0 (ν); thus giving a contradiction to Lemma 3.3. To that end: from Definition 2.1, since J(f ) is a spider's web, we can find a domain G such that the following hold (as illustrated in Figure 2 ):
• G ⊃ {z : |x| = r 0 , |y| ≤ π/2p}, and
where γ k and γ −k are the curves in J(f ) defined in Lemma 3.9 for some k ∈ N, and r 0 is large enough so that the result of Lemma 3.8 holds. We also define the curves −γ k and −γ −k to be the reflections about the y-axis of γ k and γ −k respectively. They also lie in J(f ) as f is even.
We define A to be the unbounded region in T 0 (ν) with ∂A ⊂ ∂G ∪ γ k ∪ γ −k ⊂ J(f ) and A ∩ R = ∅ (see Figure 2 ).
Let B r 1 denote the disk around the origin of radius r 1 , where r 1 is large enough so that G ⊂ B r 1 and
this is possible by (3.1). It follows from Theorem 3.1 and Corollary 2.3 that points in U do not have bounded orbit. Also, it follows from (4.1) that there exists n 0 ∈ N such that dist(U n , R) ≤ π/p for all n ≥ n 0 . Let n 0 also be such that U n 0 lies outside B r 1 ; this is possible because U n has to lie between two consecutive loops of the spider's web for each n ∈ N and U does not have bounded orbit. Thus, by Lemma 3.8, we can take w 0 ∈ S r 0 ∩U n 0 ∩B c r 1 such that f (w 0 ) ∈ T 0 (ν ) and |f (w 0 )| > |w 0 |; in particular, f (w 0 ) is also outside B r 1 . So
We know from (4.3) that U n 0 +1 ∩ {z : | Im z| ≤ π/p} = ∅, and, since ∂G ∪ ±γ k ∪ ±γ −k ⊂ J(f ) and f (w 0 ) ∈ U n 0 +1 , it follows from (4.4) that
We thus have
These two properties together imply that U n 0 +1 ⊂ A ⊂ T 0 (ν). We now show that if properties (i) and (ii) are satisfied for U m (for some m ≥ n 0 + 1), they will also be satisfied for U m+1 . Suppose then that (i) and (ii) are satisfied for U m , for some m ≥ n 0 + 1; we have z 1 ∈ U m ∩ B c r 1 and z 2 ∈ U m ∩ S r 0 ∩ {z : Re z > 0} (and hence U m ⊂ A ⊂ T 0 (ν)).
by Lemma 3.8, we have z 3 ∈ S r 0 ∩ {z : Re z > 0} (using the same reasoning as above), thus satisfying property (ii).
Since properties (i) and (ii) together imply that U m ⊂ A ⊂ T 0 (ν), it follows by induction that U m ⊂ A ⊂ T 0 (ν) for all m ≥ n 0 + 1, giving a contradiction to Lemma 3.3. Thus our supposition that U is a wandering domain was false.
We now prove that, if p is even and |λ| ≥ 1, the Julia set of f = f λ ∈ F p is the whole plane.
Proof of Theorem 1.2. We offer the proof for λ ≥ 1. The proof for λ ≤ −1 is similar since f is even as a function when p is even. Let U be a Fatou component of f . From Theorem 1.1, U cannot be a wandering domain. Without loss of generality, for the rest of the proof we assume that U is periodic (otherwise we could work with f j (U ) for some j > 0).
From Theorem 3.1 we have that J(f ) is a spider's web, so U is bounded and, in particular, cannot be a Baker domain. The remaining cases are that U belongs to an attracting cycle, a parabolic cycle, or is a Siegel disk. In each of these cases, we have U ∩ P (f ) = ∅ [3, Theorem 7]. From Corollary 3.6, we have P (f ) ⊂ R.
For large x > 0 we have f (x) > 0, and since from Lemma 3.5 there are no zeros of f in R (as they lie on the rays V 0 , . . . , V p−1 and f (0) = λp), we have f (x) > 0 for all x ∈ R. Further, we claim that f (x) > x for all x ∈ R. Since p is even, we just need to prove this for x > 0.
Suppose that λ = 1, which makes the function values the smallest possible within our range of values of λ. From [6, Theorem 3.2] , for x > 0 we have Even though |λ| ≥ 1 is not the sharpest value for the result of Theorem 1.2 to hold, in the following proposition we demonstrate that there do exist small values of λ for which the result does not hold. We have f (0) = 1, while f (π/2) = 1 2 (0 + cosh(π/2)) ≈ 1.25, so f (π/2) − π/2 < 0. Since, for x ≥ 0, we have
the function f is real, increasing and convex on [0, ∞). We thus deduce that there exists an attracting fixed point of f in (0, π/2), which has to lie in an attracting Fatou basin.
